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Holonomic quantum computation (HQC) is materialized here with quantum optics components.
Holonomies are the generalization of the Berry phases to unitary matrices with dimensionality the
same as the degree of degeneracy of the system. In a nonlinear Kerr medium the degenerate states
of laser beams are interpreted as qubits. Control manipulations with displacers, squeezers and two-
mode interfering devices performed in a cyclic, adiabatic fashion produce holonomies. Here, they
are employed as logical gates for our HQC proposal. The effects of errors from imperfect control of
classical parameters, the looping variation of which builds up holonomic gates, are investigated.
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Quantum computers consist of a tensor product structure of two level quantum sub-systems (qubits) which are
manipulated coherently with a large set of external operations (logical gates). Here an application of holonomic
manipulations [1] (see also [2]) with optical components of laser Fock states is described. Holonomy is the generalization
of the well known Berry phase to the case of a higher dimensional unitary matrix [3]. It is produced by an adiabatic
cyclic evolution of external control parameters that drive a degenerate Hamiltonian [4]. This Hamiltonian in our
case is produced by a Kerr medium through which the lasers are passing [5]. Hence, a two fold degeneracy is
created, where each qubit is encoded. As the first part of this presentation shows the logical gates are constructed by
employing displacings and squeezings of each mode for producing one-qubit gates. Two-qubit gates are produced by
two mode interfering devices like two-mode displacing or squeezing. Each laser encodes one qubit in its degenerate
sub-space, spanned by the Fock states |0〉 and |1〉. By alternative manipulations with the displacing operator D(λ) =
exp(λa† − λ¯a) and the squeezing operator S(µ) = exp(µ a† 2 − µ¯a2) in an adiabatic fashion it is possible to generate
any one-qubit rotation. Adiabaticity along the cyclic evolution of the parameters λ = x + iy and µ = r1 exp iθ1
guarantees that the states |0〉 and |1〉 will not mix with the rest of the Fock states of the laser. On the other hand as
they have the same energy they are allowed to exchange population along this cyclic evolution. The exact evolution
they undertake at the end of this manipulation is given by unitaries which depend on the geometrical characteristics
of the cyclic procedure [3]. The coordinates of the space where the loops belong are not abstract theoretical objects
but rather the parameters the experimentalist is tuning in the lab, like the squeezing or the displacing amplitude. For
a loop CI on the (x, r1)θ1=0 plane we obtain the holonomy
ΓA(CI) = exp(−iσ1ΣI) , (1)
where ΣI :=
∫
D(CI)
dxdr12e
−2r1 . Hence it represents the area on a hyperbolic surface enclosed by the loop CI . For
this procedure displacings and squeezings are alternated. Similarly we obtain for a loop CII on (x, r1)θ1=pi/2 the
holonomy
Γ(CII) = exp(−iσ2ΣII) (2)
with ΣII :=
∫
D(CII)
2e−2r1 .
For the case of two-qubit gates we use two laser beams passing through a Kerr medium. This produces a 4-
dimensional degenerate space with a tensor product structure. Two-mode interfering devices produce two-mode
displacing transformation N(ξ) = exp(ξa†1a2 − ξ¯a1a†2) or two-mode squeezing M(ζ) = exp(ζa†1a†2 − ζ¯a1a2). Inter-
changing these procedures in a cyclic, adiabatic fashion produces two-qubit unitaries. In particular, for ζ = r2e
iθ2
and ξ = r3e
iθ3 we have a four-parameter real manifold. Taking a loop CIII ∈ (r2, r3)θ2=θ3=0 we obtain
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Γ(CIII) = exp(−iσ12ΣIII) (3)
with ΣIII :=
∫
D(CIII)
dr2dr32 sinh(2r2). This is a nontrivial unitary transformation and hence, together with the
general one-qubit holonomic transformations they can produce any desired logical gate resulting to universality.
Moreover, the ability to produce a big variety of gates by simply changing the experimental parameters and spanning
different loops reduces the amount of resources needed to construct certain gates in the traditional way by the
successive combination of basic gates.
In the previously proposed setup the degeneracy has to be present at all times. To achieve this along with the
implementation of the adiabatic transformations with the control devices it is necessary to employ the “kicking”
method. The laser beams are inserted into the nonlinear Kerr medium for time ∆t and alternated with infinitesimal
transformation D(δλ), S(δµ), M(δζ) or N(δξ) which take place in times δt ≪ ∆t. This ensures the presence of the
degeneracy along the adiabatic evolution.
Holonomic quantum computation is an all geometric setup of quantum evolution. The parameters of the gates are
areas of particular surfaces. Deformations of these contours due to statistical experimental errors does not change the
value of the areas to the first order of approximation. Moreover, the weight factors in the parameters ΣI and ΣII of
the corresponding gates are exponentially decreasing for large r1. This makes the gates resilient to displacing control
errors as they are suppressed exponentially due to squeezing [5]. Such characteristics are important for error avoiding
computation.
Next we aim to discuss the error avoiding features of the optical holonomic proposal in the presence of systematic
errors. More specifically the parametric loops producing holonomies, when subject to imperfections while spanned,
introduce an error in the final gates through their accordingly fluctuated parameters. This is systematically studied
for the Hadamard (H) gate and a non trivial two qubit gate. In order to study the errors introduced by imperfect
control of the external parameters we adopt an imperfectly spanned loop, C′ [6]. This by its turn will produce an area
as a gate parameter given by Σ′ = Σ + ǫ. If the errors are statistical rather than systematical then the area spanned
by this loop are, to the first order, zero. Let us consider how systematic errors in the area effect one and two qubit
gates. The Hadamard gate is given by
UH =
[
cosΣ sinΣ
sinΣ − cosΣ
]
, (4)
for Σ = π/4. Up to a corrective phase it may be produced by a loop CII , with spanning area given by Σ =∫
D(CII)
dxdr12e
−2r1 with D(CII) taken to be a rectangular surface enclosed by {0 ≤ x ≤ π/4, 0 ≤ r1 ≤ ln 2}.
Introduce an error in this surface by translating the boarders of x and r1 by α and β respectively, where α, β ≪ 1.
This is a kind of systematic error. The imperfect Hadamard gate is given to the first order in ǫ by UH(ǫ) = UH + ǫh,
with h = 1√
2
[ −1 1
1 1
]
. For large values of r1 the dependence of ǫ on β is exponentially small, while the error of
x is introduced linearly, i.e. ǫ = α. As the squeezing of the light beam is much harder to perform and to control in
experiments compared to its displacing the above feature is very appealing. Theoretically this characteristic makes
the passage from the geometrical to the topological quantum computation as β errors in the spanning of the loop C′
are suppressed even if they are very large [7].
For a two qubit gate we perform a loop CIII between the variables r2 and r3 with area ΣIII =
pi
4 which eventually
gives the gate
U = 1√
2


√
2 0 0 0
0 1 −1 0
0 1 1 0
0 0 0
√
2

 (5)
Allowing the area ΣII to be enclosed by the following rectangular {0 ≤ r2 ≤ arccosh(2), 0 ≤ r3 ≤ π/8} then systematic
small errors in the definition of the boarders of the rectangular of the form (α′, β′) gives an error in the gate parameter
of the form Σ′ = Σ+ δ with δ = 1.7α′ + β′. The gate in this case is given by U(δ) = U + δu where
u = 1√
2


0 0 0 0
0 −1 −1 0
0 1 −1 0
0 0 0 0

 (6)
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We notice that with the ordering {|00〉, |10〉, |11〉, |01〉}, adopted for the basis vectors that span the four dimensional
degenerate subspace of coding the quantum information, where the first qubit is the control and the second is the
target, the U gate is a control π/4-rotation. Introducing the control phase gate Pφ = diag(1, e
iφ, 1, 1), we can construct
the control-not gate with a control sign flip operation as UCN = PpiU
2. Then the holonomic control not gate subjected
to systematic errors is UCN (δ) = UCN + δPpiu.
By means of the imperfect one and two qubit quantum gates so obtained by the optical model of holonomic
computation [5], we can now proceed along the lines of [6], to provide an all optical physical implementation of the
holonomic teleportation [8,9] and the holonomic remote gate construction [10,11], that have been put forward in [6],
in the more mathematical framework of the CPn model.
Finally we should mention that alternatives to the optical implementation of holonomies for quantum computation
have been suggested recently [12], in a scheme that uses adiabatic manipulations of parameters determining the
interaction between laser beams and trapped ions in order to generate abelian and non-abelian geometrical gates. In
such a model in addition to the systematic control errors presented here one has to take in account other imperfection
mechanisms such as interaction with the environment and the effect of the spontaneous atomic emission upon Berry
connection, see e.g. [13].
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